ABSTRACT This study proposes a magnetic pole modulation method applied to surface permanent magnet (PM) machines for suppressing the torque pulsations and improving the utilization of the magnet. The principle of equivalent areas is more popular in power electronics instead of the sinusoidal current. Here, the principle is modified into magnetic pole modulation to create an air-gap flux density distribution with a sinusoidal wave. Subsequently, the third harmonic is considered in the magnetic pole modulation method. Radial and parallel magnetization have both been discussed with this method for its availability. Additionally, an optimal design process combining the Kriging method with a genetic algorithm is applied to design the key parameters for further minimizing torque pulsations and maximizing output torque per unit PM. All motor characteristics, including air-gap flux density, cogging torque, and electromagnetic torque are verified by the aid of finite-element analysis.
INDEX TERMS Magnetic pole modulation method, surface-mounted permanent magnet machines, the principle of equivalent areas, low torque pulsations, high magnet utilization.
NOMENCLATURE l avg the average air gap length t(i)
the i th PM tooth width θ pm the arc length of one magnetic pole l g the minimum of air gap length A the height of the permanent-magnet tooth F 1 the target waveform F 2 the triangular carrier A 1 the peak amplitudes of F 1 A 2 the peak amplitudes of F 2 T 1 the space periods of F 1 T 2 the space periods of F 2 R the period ratio of F 1 and F 2 p(n) the n th intersection pointsF 1 and F 2 i the number of teeth per magnetic pole N the larger the number of magnet segments L n the width of the pulse θ the rotating angle
The associate editor coordinating the review of this manuscript and approving it for publication was Xiaodong Sun. f (θ ) the function of the target continuous waveform B m1 the amplitude of the ideal air-gap flux density B m2 the remanence of PM k the ratio of third harmonic amplitude and basic amplitude h the thickness of the PM with no-modulation x the vector of the design variables f (x) the multi-objective function ε the penalty coefficient P(x) the penalty function. R s the inner radius of stator R r the outer radius of rotor L ef the effective axial length of the motor N l the common multiple of rotor PM pole number N P and stator slot number N S u 0 the air permeability G nl Fourier series coefficients of air-gap relative permeance B n Fourier series coefficients of air-gap flux density B arm the armature flux density P edd the eddy current loss B n the amplitude of the n th order B arm harmonic k e the constant dependent on the steel materials f the frequency of rotating flux vector P hy the hysteresis loss B peak the peak flux density B i the corresponding flux density in the i th minor reverse hysteresis loop N loop the minor loops number k h the coefficient related to steel materials k hy a constant between 0.6 and 0.7
I. INTRODUCTION
Permanent magnet (PM) machines are immensely popular in most industrial applications, such as hybrid electric vehicles [1] and air conditioners [2] , owing to their high torque density, high efficiency, and precise controllability. High performance PM machines with high power density and good stability from the use of rare earth materials have drawn much attention. These include flux-switching PM machines [3] , V-shaped interior PM machines 4], surface-mounted PM machines (SPMMs), and so on. However, owing to the limited supply of rare earth materials and their high price, development of high-performance motors with high output torque per unit magnet is increasingly needed. Additionally, different magnetization patterns are generally considered to develop the potential of magnetic steel.
There are plenty of literatures on the design of PM machines with higher torque density, less rare earth magnet or higher output quality. In [5] , [6] , novel material-efficient PM shapes with sinusoidal and symmetrical distributions in the axial direction were proposed for SPMMs used in automotive actuators, which could minimize the amount of rare earth material and smooth the electromagnetic torque. K. Wang et al. [7] - [10] used harmonics injected into magnet shape or current with three-phase or five-phase SPMMs to improve the torque capability. They pointed out that, when the injected harmonic order was higher than the seventh, it was difficult for the output torque to increase. From their studies, the harmonics injection in the shape of the PM and phase current waveform not only had a positive influence respectively, but also interacted with each other.
For most high-performance applications, torque smoothness is an essential requirement. Therefore, when designing a motor, the vibration and acoustic noise should be attended to. Smooth torque with minimum pulsation is especially needed for accurate position control, and to improve the driving comfort. Torque smoothness mainly depends on cogging torque and torque ripple. Cogging torque is produced primarily via the interaction between the stator slotted iron structure and the PMs on the rotor. Torque ripple occurs because of the magnetic field distribution and the armature magnetomotive force. For SPMMs, the torque ripple depends mainly on the sine wave of the back-electromagnetic force (EMF) or the air-gap flux density. Skewing [11] is a common technique that can greatly reduce the cogging torque and additionally improve the back-EMF waveform. However, it not only decreases the useful magnet flux linking the stator winding but also increases the leakage inductance and stray losses [12] . Because the PM shape can influence the back-EMF waveform and cogging torque, a combined PM rotor by using multi-grade PMs was designed and verified by 2-dimensional finite element analysis (FEA) and experiments, which demonstrated a reduction in cogging torque and torque ripple, as expected, as well as a reduction in the cost of magnets [13] . However, the manufacturing cost for a small machine is higher and multiple grades of PM must be prepared. Halbach array magnetization is another effective method for smoothing output torque [14] , but the PM processing and magnetic recharging process are very difficult, which restricts the application and development of this method. Consequent-pole PM (CPM) machines can improve PM utilization. However, it always suffers high torque ripple. Reference [15] proposed a staggered rotor that could achieve a much lower torque ripple. However, for CPM machines, the torque ripple is relatively small, but it remains high compared to the traditional SPM motor.
The principle of equivalent areas (PEA) was proved in detail by Andeen as early as 1960. [16] The principle can be briefly stated as: when the time interval is suitably small and the integrals of two input signals (forcing functions) are equal over a set of corresponding equal time intervals, they are dynamically equivalent to a linear continuous element. With power electronics, the target waveform changes dynamically, which causes numerous computations when the PEA is used. Therefore, the pulse width modulation (PWM) [17] and sinusoidal PWM (SPWM) [18] are presented. Nevertheless, there are few literatures focused on motor design with this method. In [19] , the magnetic pole was combined with a PWM shape by several magnet blocks of the same height, parameterized by their locations and widths over the pole. For better performance of the PWM-shaped motor, Chaithongsuk et al. used a geometric optimization technology, where the flux density harmonics was the only target for elimination. Then, an SPWM-shaped PM motor was performed in [20] . Based on the multi-functional optimization system tool, minimizing magnet volume and maximizing torque and efficiency as target performances of the proposed SPWM-shaped PM motor were optimized, where the fundamental inherited the sinusoidal function. The torque ripple, a key characteristic, was reduced up to 37.1% with a 12-slot 10-pole three-phase motor. However, the intersection points of the triangular carrier and the target waveforms in the PWM or SPWM must be determined, which will cause more computation than does the PEA. This is because the magnetic flux distribution over the magnet surface as the target waveform is fixed in the magnetic pole design process. Additionally, the PWM magnet blocks and the SPWM-shaped PM are actually modulations of the flux harmonic contents. Radial magnetization with rich flux harmonics is preferred to verify the methods. While for parallel magnetization with low flux harmonics, the effectiveness of these methods is unknown.
The main contribution of the paper is to propose and verify that the PEA is directly applied on the motor design for low torque pulsations and high magnet utilization, where the third harmonic injection as a popular method in recent years is investigated into this method. Owing to the different magnetization with varying harmonic content, the availability of this method is discussed.
This paper is organized as follows. In Section II, the threephase six-slot/four-pole SPM machine is introduced as the basic model. The proposed SPM model is designed with the PEA magnetic pole modulation. In Section III, the optimal design process combining the Kriging method with a genetic algorithm (GA) is applied to design the key parameters for further minimizing torque pulsations and maximizing output torque per unit PM. In Section IV, the electromagnetic performances, including the air-gap flux density, back-EMFs, torques, and losses are compared using the FEA at the same operating conditions. Meanwhile, the machines with radial and parallel magnetizations are investigated.
II. MACHINE MODELING AND DESIGN PRINCIPLE A. BASIC MODEL OF THE SPMM
The basic SPMM model is designed using an arched magnet shape, as shown in Fig.1 . It has a very simple structure and is suitable for commercial use in automotive and low-cost applications. The stator as illustrated in Fig.1 (a) , has six slots with three-phase concentrated windings. Additionally, Fig.1 (b) shows that the rotor is mounted with an equal thickness PM structure. Moreover, there are two primary PM magnetization patterns: radial and parallel magnetizations as illustrated in Fig. 1 (c) . The inner SPMMs with radial magnetization have higher harmonic content. By contrast, the inner SPMMs with parallel magnetization have lower harmonic content. This causes the structures to have different sensitivities with the modulation of air-gap flux density. The stacked silicon steel sheet is utilized for the stator and rotor cores. Table 1 lists the detailed specifications of the basic model.
B. PROPOSED MODEL WITH THE MAGNETIC POLE MODULATION METHOD
A series of rectangular pulses, achieved by switches in power electronics, is used more often than sinusoidal current. Similarly, a series of rectangular PM blocks is applied to the motor design to gain a sinusoidal flux density distribution over the magnet surface for low torque pulsations and high magnet utilization. A proposed design concept with magnetic pole modulation is presented as the follows. [20] First, the previous design concept [20] using a SPWM method is briefly summarized. It is implemented on the PM outer surface of the basic SPM motor to reduce the volume of rare-earth PMs and cogging torque, and eliminate higher-order harmonics in the back-EMF. Ignoring the effect of the stator slots, the average air gap length l avg is given as:
1) PREVIOUS DESIGN CONCEPT WITH SINUSOIDAL PULSE WIDTH MODULATION METHOD
where t(i) denotes the i th PM tooth width, θ pm is the arc length of one magnetic pole, l g is the minimum air gap length, A is the height of the PM tooth. The sinusoidal waveform F 1 is the target waveform. And the triangular symmetric curve F 2 is called as the triangular carrier. The intersection points of the target waveform and the triangular carrier should be calculated for determining the width of magnet teeth and position. For SPWM-shaped PM, the i th tooth width t(i) is expressed as
where A 1 and A 2 are, respectively, the peak amplitudes of F 1 and F 2 . T 1 and T 2 are, respectively, the space periods of F 1 and F 2 . R is the period ratio of F 1 and F 2 . The intersection points p(n) of F 1 and F 2 are given by
where n is the order of the intersection points from left to right when one magnetic pole is formed by the SPWM shaping method. If one magnetic pole has i teeth, the R is equal to 2i+1 and 2i+3 intersection points are determined by Eq. (3).
2) PROPOSED DESIGN CONCEPT WITH MAGNETIC POLE MODULATION METHOD
The shorter air gap length will benefit for the air-gap flux density. In this proposed method, the modulation surface of the PM is opposite compared with reference [20] and the average air gap length can be expressed as (4), which is obviously smaller than (1).
Meanwhile, when the PEA is utilized, i simple integral formulas are enough for one magnetic pole with i teeth. There will be half computation saved than SPWM-shaping scheme.
Therefore, the PEA is utilized to shape the inner surface of the PM, which is named as the magnetic pole modulation method. Moreover, the larger the number (N ) of segments it divides, the higher the sinusoid of the air-gap flux density it will become. When considering the feasibility of manufacturing, N = 5 is an example to verify this method. 3 shows the schematic diagram of the PEA for the sine air-gap flux density distribution. The ideal air-gap flux density is divided into five segments on average. According to the PEA, the area of x is equal to the area of a . Similarly, the areas y of z and are equal to the areas of b and c , respectively. The width of the pulse L n is calculated by Eq. (5).
where, θ is the rotating angle, f (θ ) is the function of the target continuous waveform, B m1 is the amplitude of the ideal air-gap flux density, and B m2 is the remanence of the PM. Subsequently, the width of the pulse L n corresponds to the mechanical angle applied to the magnetic pole. If the sinusoidal waveform is the target as shown in Fig. 3 , then f (θ ) is estimated as Eq. (6).
It was confirmed that the third harmonic injected in the air-gap flux density distribution enhanced the output torque without deteriorating the torque ripple in SPMMs. [21] Therefore, to investigate the effects of third harmonic injection for the magnetic pole modulation, the third harmonic is injected into the sinusoidal waveform, and f (θ ) is estimated by Eq. (7) . Furthermore, the schematic diagram of the PEA for the sine with third harmonic air-gap flux density distribution is shown in Fig. 4 .
where k is the ratio of the third harmonic amplitude and the basic amplitude. k is determined by the optimal design process which will be carried out in the Section III. If the optimal k is equal to zero, it means the third harmonic injection does not have any impact and the schematic diagram of the PEA is changed from Fig.4 to Fig.3 . If the optimal k is not equal to zero, it means the third harmonic has an impact. Based on the design concept of the PEA, it is applied into the magnetic pole modulation of SPMMs, as illustrated in Fig. 5 . It is separated into modulated and no-modulation parts. The total magnet thickness A is limited by the basic model. The thickness of the PM with no-modulation h and the ratio of the third harmonic amplitude and the basic amplitude k should be determined during the design process. The width of the pulse L n can be determined as discussed in the Section II (B), where k is a factor that determines the third harmonic injection. The empty space caused by the magnetic pole modulation method is filled with non-magnetic material. Because different magnetization patterns contain different harmonic content, and to verify the availability of the magnetic pole modulation method, the radial and parallel magnetizations are both considered. It should be noted that the proposed model shares the same stator with winding and driving condition as the basic model. 
III. DESIGN AND OPTIMIZATION OF THE PROPOSED MODEL A. INITIAL DESIGN
A sinusoidal air-gap flux density distribution is expected to reduce torque pulsations, and the third harmonic injection in the air-gap flux density distribution is expected to enhance the output torque without deteriorating the torque pulsations, which has been researched in many literatures. In Section II, a magnetic pole modulation method is proposed to achieve a sinusoidal air-gap flux density distribution considering the third harmonic injection. The thickness of the PM with no-modulation h is initially designed as 3mm. Factor k, which determines the third harmonic injection, initially chooses 1/6 as designed in the references. This model is named as the proposed model in the following analysis.
B. OPTIMAL DESIGN PROCESS
To obtain the optimal performances of the above-mentioned proposed SPMM, an optimal design experiment is performed with two design variables, h and k. The design variables of the modulated magnetic pole are directly shown in Fig. 6 . Fig. 7 shows the optimal design process, where an effective optimal design method combining Kriging method [22] and the GA [23] is applied to obtain the optimal values. The Kriging method is one of interpolation methods, which is composed of the global model and the localized deviation to eliminate bias and minimize error variance. GA inspired by natural evolution, belongs to the larger class of evolutionary algorithms, which can evaluate and refine solutions until meeting a stopping criterion. As a general global algorithm, GA is uncomplicated in encoding technology and genetic operation. Additionally, GA is implicit parallelism and global search capability at solution space. It has been already reported and worked well in extensive literatures [23] , [24] that the GA is used to evaluate the fitness from the modeling function developed by the Kriging model and search the optimal values. These optimal techniques are implemented in this paper.
The configuration adopted of GA parameters are given in Table 2 .
First, the objective functions for maximizing the output torque per unit magnet and minimizing the cogging torque and the torque ripple are shown in (9) , which are carried out with the same weighting value. The magnet volume and VOLUME 7, 2019 FIGURE 7. Optimal design process. the total magnet thickness of the basic model, in addition to preventing the average output torque from severe degradation are combined as the constraints as shown in (10) . The range of the design variable h should be limited by the total magnet thickness. The range of the design variable k should ensure the slots on the magnet surface do not affect each other. Therefore, the bounds of h and k are shown in (11) . Subsequently, the sampling points are selected by the Latin hypercube sampling method and the Kriging method is utilized for approximation modeling. The GA is applied to evaluate the fitness from the last approximation modeling and obtaining the optimal results. Finally, the optimal results are verified by the FEA. If the final performance cannot satisfy the requirement, the optimal design process is restarted from the first step. When the final performance satisfies the requirement, the optimal design process is completed. The following equation expresses the fitness function F(x) used in GA process.
where x denotes the vector of the design variables, f (x) is the multi-objective function, ε is the penalty coefficient, and P(x) is the penalty function.
Objective function:
Maximum: output torque per unit magnet (Nm/cm 3 )
Minimum: cogging torque (Nm)
Minimum: torque ripple (%) (9) Constraints:
Magnet volume < 36cm 3 The total magnet thickness = 5mm Average output torque >= 0.5Nm (10) Designvariables:
When the three objective functions use the same weighting value, the convergence results of the objective functions and the design variables are shown in Fig. 8 , which are separated by the radial and parallel magnetization as presented in Figs. 8 (a) and 8 (b) . The optimal values of the design variables that can reduce cogging torque and torque ripple with a higher output torque per unit magnet are summarized in Table 3 . From the convergence results, it can be observed that the third harmonic injection has almost no effect on the PEA modulated magnetic pole with parallel magnetization. Nevertheless it has some help on that case of radial magnetization. This is mainly because of the different harmonic contents with radial and parallel magnetization.
IV. ELECTROMAGNETIC PERFORMANCE ANALYSIS
To confirm the availability of the magnetic pole modulation method considering the third harmonic injection on SPMMs, the investigation is separated into two cases: the radial magnetization and the parallel magnetization. To highlight the advantages of the proposed and optimal models, a series of comparisons are performed among the basic, proposed and optimal models by the FEA with the aid of JMAG-Designer Ver.17.1. Furthermore, the detailed analysis is presented in the following subsections.
A. MAGNETIC FLUX LINE AND DENSITY DISTRIBUTION, AIR-GAP FLUX DENSITY, AND BACK-EMF
The magnetic flux density distribution and magnetic flux line of the basic, proposed and optimal models at radial magnetization under no-load conditions are compared in Fig. 9 . Correspondingly, that of the parallel magnetization are compared in Fig. 10 . Fig. 11 compares the air-gap flux densities of all models. As observed, the more approximate sinusoidal air-gap flux density distributions are achieved with the proposed and optimal models. Therefore, the proposed and optimal models produce much greater sinusoidal back-EMF in the phase than the basic model as shown in Fig. 12 . Owing to the low magnet volume used, the amplitudes of each proposed and optimal model are lower than that of the corresponding basic model. The harmonic analysis of the back-EMF by the fast Fourier transform is illustrated in Fig. 13 . The results indicate that the proposed and optimal models under the radial magnetization with the modulated magnetic pole effectively suppress the fifth, eleventh, and thirteenth harmonic, compared to that of the basic model. However, regarding the parallel magnetization, the amplitude of the thirteenth harmonic demonstrates a marginal reduction.
B. COGGING TORQUE AND TORQUE RIPPLE
Fig. 14 shows the cogging torques of all machine models. It can be observed that the magnetic pole modulation method applied on the SPMM can greatly reduce the cogging torque, whereas the optimal model reduces the cogging torque by 46.67% for the radial magnetization, and 54.20% for the parallel magnetization, compared to that of basic model. The cogging torque without skewing can be expressed by the VOLUME 7, 2019 following equation [25] , [26] :
where R s denotes the inner radius of the stator, R r denotes the outer radius the of rotor, θ denotes the angle along the circumference, L ef denotes the effective axial length of the motor, N l denotes the common multiple of rotor PM pole number N P and stator slot number N S , and u 0 denotes the air permeability. G nl and B n are Fourier series coefficients of the air-gap relative permeance and air-gap flux density, respectively. It is observed that the harmonic contents of air-gap flux density and the air-gap relative permeance are the main factors generating the cogging torque. However, the airgap relative permeance of all the machines remains the same. Thus, the main factor is the harmonic content of air-gap flux density. As shown in Fig. 11 , the total harmonic distortions of air-gap flux density are reduced by 21.5% and 29.3%, under the radial and parallel magnetization, respectively. Thus, the magnetic pole modulation method can effectively reduce the cogging torque, under both radial and parallel magnetization.
The sinusoidal current waveform of ideal excitation is shown in Fig. 15 with an amplitude of 1.6A. The electromagnetic torques under the radial and parallel magnetization are compared in Fig. 16 , where the operated speed is 3000rpm. Furthermore, the torque ripple of the optimal model is significantly reduced by 60.72% and 69.61% for the radial and parallel magnetization, respectively, compared to that of the basic model. This is because the fifth and eleventh harmonics in the back-EMFs are significantly reduced, as illustrated in Figs. 12 and 13. By contrast, the 12-slot 10-pole three-phase motor in reference [20] can reduce the torque ripple by at most 37.1% under the radial magnetization, which is much less than 60.72% in this paper. Moreover, the average torques are reduced by 15.62% and 15.56%, respectively for the different magnetization conditions. This is because the PM utilization volumes are 20.06% and 20.61% lower for the radial and parallel magnetization, respectively. From the view of torque density, the torque per PM unit is increased by 5.09% for radial magnetization and 6.52% for parallel magnetization. The detail comparisons among the basic, proposed and optimal models are listed in Tables 3 and 4 . Tables 4 and 5 lists the iron losses of all motor models under the no-load and rated-load conditions when the peak current is 1.6A at a rated speed of 3000 rpm, in which the same steel lamination materials and the same iron loss calculation method in FEA are used [27] - [29] . To simplify the comparison, the part of iron loss caused by the controller is ignored during the simulation. The proposed model and optimal model can greatly reduce iron loss. Compared to the basic model, the iron loss of the optimal model under no-load conditions is reduced by 24.95% and 23.39%, under the radial and parallel magnetization, respectively. The iron loss of optimal model under the rated-load conditions is decreased by 24.62% and 22.87%, for the radial and parallel magnetization, respectively.
C. IRON LOSS
Iron loss predominantly includes eddy current loss and hysteresis loss. The eddy current loss is a function that is proportional to the square of the time derivative of the armature flux density B arm , as shown in Eq. (13) . where B n denotes the amplitude of the n th order B arm harmonic, k e denotes the constant dependent on the steel materials, and f denotes the frequency of rotating flux vector.
An improved model for calculating the hysteresis loss is presented in Eq. (14) . [30] 
where B peak denotes the peak flux density, B i denotes the corresponding flux density in the i th minor reverse hysteresis loop,N loop denotes the minor loops number, k h denotes the coefficient related to steel materials, and k hy denotes a constant between 0.6 and 0.7. It can be noted that the iron loss is produced by the fundamental air-gap flux density and the harmonic contents of air-gap flux density. The magnetic pole modulation method can reduce both the fundamental and harmonic air-gap flux density, not only the radial magnetization but also the parallel magnetization, as discussed earlier. Therefore, the iron loss of optimal models can be reduced.
D. DEMAGNETIZATION ANALYSIS
The proposed magnetic pole modulation method makes the thinning of PM at some location, which is more easily affected by armature current, leading to PM demagnetization. To ensure the reliability of the optimal models, the irreversible demagnetization of the PM is predicted by defining a demagnetization ratio as follows:
Demagnetization ratio = E before − E after E before (15) where E before is the RMS value of the terminal phase voltage before feeding with current excitation, and E after is the RMS value of the terminal phase voltage after feeding with current excitation. The demagnetization ratios of the optimal models are analyzed as shown in Fig. 17 . It indicates the optimal models have no risk of demagnetization within four times of the rated current. When eight times of the rated current is applied, the demagnetization rate is within 0.5% that the slight demagnetization only occurs to the PM edges. It means that the optimal models have good endurance against the irreversible demagnetization.
V. CONCLUSION
This paper proposed a magnetic pole modulation method for SPMMs to realize the lower torque pulsations with higher output torque per unit PM. It focused on the PM shape design based on the PEA method that is popular in power electronics. The results obtained by the FEA showed that the optimal models greatly reduced cogging torque by 46.67% and 54.20%, torque ripple by 60.72% and 69.61%, increasing output torque per unit PM by 5.09% and 6.52%, compared to each basic model under the radial and parallel magnetization. Specifically, owing to the different harmonic contents in different magnetization patterns, the third harmonic injection has a greater impact in the radial magnetization than the parallel magnetization in this paper. Compared with reference [20] , the reduction of torque pulsations in this paper was more outstanding. Simultaneously, half computation during the implementation process of the method was saved, as discussed in Section II.B.
